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Introduction
Cooper et al. [1] have considered the following generalized KdV equation (GKdV) K Ã ðl; pÞ : u t ¼u x u lÀ2 þ a½2u xxx u p þ 4pu pÀ1 u x u xx þ pðp À 1Þu pÀ2 ðu x Þ 3 ; ð1Þ
where l À 1; p 2 Z þ : These equations are derived from Lagrangian,
where u(x, t) is defined by u(x, t) = w x (x, t). These equations have the same terms as the following equations considered by Rosenau and Hyman [2] Kðm; nÞ : u t þ ðu m Þ x þ ðu n Þ xxx ¼ 0; m; n [ 1; ð3Þ but relative weights of the terms are quite different leading to the possibility that integrability properties might be different. Cooper et al. [1] have investigated Hamiltonian structure and integrability properties for this class of KdV equation. When l, p C 2, by using bifurcation theory of dynamical systems, Tang et al. [3] have investigated travelling wave solutions of Eq. (1) and their bifurcation behavior. In [4] , by using sine-cosine method and extended tanh method, some new solitary patterns solutions and compactons solutions have been formally derived. In [5] , by using analytic methods from the dynamical systems theory, some new exact explicit parametric representations of breaking loop-solutions under some fixed parameter conditions are also derived. With development of soliton theory, there exist many different approaches to search for exact solutions of nonlinear partial differential equations, such as mapping method [6] , Fan-expansion method [7] , ðG 0 =GÞ-expansion method [8] , sine-cosine method [9] , Jacobi elliptic function method [10] and so on. In particular, it is very interesting to investigate the travelling wave solutions on a constant pedestal. Qiao et al. [11] have discussed the travelling wave solutions for Camassa-Holm equation on non-zero constant pedestal lim x!AE1 u ¼ A 6 ¼ 0 and found new soliton solutions both smooth and cusped. Later, Zhang et al. [12, 13] have investigated Degasperis-Procesi equation under the boundary condition lim x!AE1 u ¼ A; respectively and they have solved for all possible single peak soliton solutions of Degasperis-Procesi equation. Recently, Chen et al. [14] have studied osmosis K(2, 2) equation and smooth, peaked and cusped solitary wave solutions of the osmosis K(2, 2) equation under inhomogeneous boundary condition are obtained. More recently, Zhang et al. [15] have studied K(2, 2) equation and loop soliton, cusped soliton, compacton soliton and smoth soliton solutions under inhomogeneous boundary condition are obtained. More works on single peak soliton are reported [16] [17] [18] [19] [20] [21] [22] [23] .
In this paper, we study single soliton solutions of K * (l, p) equation for l = 3, p = 1 (simply called K * (3, 1) equation)
under inhomogeneous boundary condition lim
The conditions of existence of peakon, compacton, cuspon and smooth soliton solutions are given by using the phase portrait analytical technique, which is developed by several authors [24] [25] [26] . We obtain all peakon, compacton, cuspon and smooth soliton solutions of K * (3, 1) equation and analyze their analytic and dynamical behavior.
Asymptotic behavior of solutions
Let C k ðXÞ denote a set of all k times continuously differential functions on the open set X. L loc p (R) refers to be a set of all functions whose restriction on any compact subset is L p integrable. H loc 1 (R) stands for H 1 loc ðRÞ ¼ fu 2 L 2 loc ðRÞ j u 0 2 L 2 loc ðRÞg. Let us consider travelling wave solution of Eq. (4) through a generic setting u(x, t) = u(n), n = xct, where c is wave speed. Substituting it into Eq. (4) yields
where '' 0 '' is derivative with respect to n. Taking integration twice on both sides leads to
where g 2 ; g 1 2 R are two integration constants. Let us solve Eq. (7) with the boundary condition given by Eq. (5) . Equation (7) can be cast into the following ODE:
Throughout we assume that c [ 0. Otherwise, we can make a transformation to reduce Eq. (8) to this case. Definition 2.1 A function u(n) is said to be a single peak soliton solution for Eq. (4) if u(n) satisfies the following conditions:
(A1) u(n) is continuous on R and has a unique peak point n 0 , where u(n) attains its global maximum or minimum value; (A2) uðnÞ 2 C 3 ðR À fn 0 gÞ satisfies Eq. (8) on R -{n 0 }; (A3) lim n!AE1 uðnÞ ¼ A:
Definition 2.2 A wave function u is called peakon if u is smooth locally on either side of n 0 and lim n"n 0 u 0 ðnÞ ¼ À lim n#n 0 u 0 ðnÞ ¼ a; a 6 ¼ 0; a 6 ¼ AE1.
Definition 2.3
A wave function u is called cuspon if u is smooth locally on either side of n 0 and lim n"n 0 u 0 ðnÞ ¼ À lim n#n 0 u 0 ðnÞ ¼ þ1ðor À 1Þ.
Without loss of generality, we assume n 0 = 0. 
Then, Eq. (4) has trivial solution u: A.
Proof
uðnÞ ¼ A and
The fact that ðu 0 Þ 2 ! 0 implies u 0 ¼ 0 andu: A. (ii) If a [ 0, A \c, then u\ À c; lim n!AE1 uðnÞ ¼ A and
The fact that ðu 0 Þ 2 ! 0 implies u 0 ¼ 0 and u: A. (iii) If a \ 0,c B A B 0, then Àc u 0; lim n!AE1 uðnÞ ¼ A and
The fact that ðu 0 Þ 2 ! 0 implies u 0 ¼ 0 and u: A.
Theorem 2.5 Suppose that u(n) is a single peak solitary wave solution for Eq. Proof If u(0) = 0, then u(n) = 0 for any n 2 R since uðnÞ 2 C 3 ðR À f0gÞ. Differentiating both sides of Eq. (8) yields uðnÞ 2 C 1 ðRÞ.
Theorem 2.6 Suppose that u(n) is a single peak solitary wave solution for Eq. (4) at peak point n 0 = 0. When
then we have the following solutions classification and asymptotic behavior.
gives the peakon solution
is a cusped solitary wave solution and
Proof (i) From the process of proving of Theorem 2.5, we know
is a smooth solitary wave solution. 
Integrating both sides of Eq. (17) on the interval [-3c, 0) leads to a compacton solution with compact support
otherwise;
( ð18Þ with the properties uð0Þ ¼ À3c; u 0 ð0Þ ¼ 0;
and
Integrating both sides of Eq. (19) on the interval À 3 2 c; 0 À Ã leads to a peakon solution
with the properties:
Inserting (23) and using the initial condition u(0) = 0, we obtain 2 3 ðuÞ
Thus
which implies u ¼ Oðj n j 3 2 Þ: Therefore we have 
Inserting h 2 (u) = h 2 (0) ? O(u) into Eq. (28) and using initial condition u(0) = 0, we obtain 2 3 ðÀuÞ
which implies u ¼ Oðj n j 3 2 Þ. Therefore we have
So, uðnÞ 6 2 H 1 loc ðRÞ:
3. Peakon, cuspon, compacton, and smooth solitons of Eq. (4) Theorem 2.6 gives a classification for all single peak solitary wave solutions for Eq. (4). In this section, we present all possible soliton solutions for Eq. (4). We discuss the cases: a \ 0,
By virtue of Theorem 2.5, any single peak soliton solution for Eq. (4) must satisfy the following initial and boundary values problem
À6au ; uð0Þ 2 f0; Àð2A þ 3cÞg; lim n!AE1 uðnÞ ¼ A:
From the standard phase portrait analysis (see Fig. 1 (a)-1(g)), we know that if u(n) is a single peak soliton solution of Eq. (4), then
Let us separate seven cases to discuss:
In this case, we have -2A -3c \ 0 \ A. By the standard phase portrait analysis, as shown in Fig. 1(a) , we have two situations to be discussed, that is, u(0) = -2A -3c or u(0) = 0.
(i) u(0) = -2A -3c and (u(0), 0) on the left side of y-axis. In this case there is no single peak solitary wave solution for the boundary condition uðAE1Þ ¼ A: (ii) u(0) = 0 and (u(0), 0) on the y-axis.
If
Integrating Eq. (35) on interval [0, n] (or [n, 0]) leads to the following implicit solutions:
FðXÞ
Substituting
From ðu À AÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi uþ2Aþ3c À6au q \0; we know that WðuÞ is strictly decreasing on [0, A),
has the inverse denoted by u 1 ðnÞ ¼ W À1 1 À jnj ffiffiffiffiffiffi À6a p , u 1 (n) gives a cusped soliton solution satisfying
2. a\0; À 3 2 c\A\ À c. In this case, we have A \ -2A -3c \ 0. By the standard phase portrait analysis, as shown in Fig. 1(b) , we have two situations to be discussed, that is, u(0) = 0 or u(0) = -2A -3c. In this case there is no single peak solitary wave solution for the boundary condition uðAE1Þ ¼ A. HðXÞ : Corresponding to homoclinic orbit to saddle point (A, 0), u 2 (n) gives a smooth soliton solution satisfying
3. a\0; A ¼ À 3 2 c. In this case, by standard phase portrait analysis, as shown in Fig. 1(c) , we have 2A þ 3c ¼ 0; uð0Þ ¼ À2A À 3c ¼ 0;
then A \ u B 0 and we obtain a peakon solution (see (20) ). 4. a\0; A\ À 3 2 c. In this case, we have A \ 0 \ -2A -3c. By the standard phase portrait analysis, as shown in Fig. 1(d) , we have two situations to be discussed, that is, u(0) = -2A -3c or u(0) = 0. In this case, by the standard phase portrait analysis, as shown in Fig. 1(e) , we have A = -2A -3c = -c, u(0) = 0, and (u(0), 0) on the y-axis.
and Eq. (34) is converted to
Integrating Eq. (46) on the interval [0, n] (or [n, 0]) leads to the following implicit solutions:
ð47Þ
From ðu À AÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi In this case, we have -2A -3c \ A \ 0. By the standard phase portrait analysis, as shown in Fig. 1(f) , we have two situations to be discussed, that is,
(i) u(0) = -2A -3c and u(0) on the left side of A.
; then u ¼ Àð2Aþ3cÞZ 2 1þZ 2
; du ¼ À2ð2Aþ3cÞZ ð1þZ 2 Þ 2 dZ; 0\Z\ þ 1; and Eq. (34) is converted to
Integrating Eq. (51) on interval [0,n] (or [n,0]) leads to following implicit solutions:
Substituting Z ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi Àu uþ2Aþ3c p into Eq. (52) yields
From ðu À AÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi uþ2Aþ3c À6au q \0; we know that CðuÞ is strictly decreasing on [ -2A -3c, A), In this case, by standard phase portrait analysis, as shown in Fig. 1(g) , we have u(0) = -3c, then A \ u B 0 and we obtain a compacton solution. Let us summarize out results in the following theorem.
Theorem 3.1 Suppose that u(n) is a single peak soliton for Eq. (4) at peak point n 0 = 0, which satisfies boundary condition given by Eq. (5). Then we have the following conclusions.
1. If a \ 0, A [ 0, u(0) = 0, then u is cusped soliton solution The profile of cuspon solution is shown in Fig. 2(a) . 2. If a\0; À 3 2 c\A\ À c; uð0Þ ¼ À2A À 3c; then u is smooth soliton solution uðnÞ ¼ X À1 jnj ffiffiffiffiffiffiffiffiffi À6a p ; with properties: uð0Þ ¼ 0; lim n!AE1 uðnÞ ¼ A; u 0 ð0Þ ¼ 0:
The profile of smooth soliton solution is shown in Fig. 2(b The profile of peakon solution is shown in Fig. 2(c) . 4. If a\0; A\ À 3 2 c; uð0Þ ¼ 0; then u is cusped soliton solution uðnÞ ¼ W À1 2 À jnj ffiffiffiffiffiffiffiffiffi À6a p ; with properties: uð0Þ ¼ 0; lim n!AE1 uðnÞ ¼ A; u 0 ð0þÞ ¼ À1; u 0 ð0ÀÞ ¼ þ1:
The profile of cuspon solution is shown in Fig. 2(d) . 5 . If a [ 0, A = -c, u(0) = 0, then u is cusped soliton solution
with properties: uð0Þ ¼ 0; lim n!AE1 uðnÞ ¼ A; u 0 ð0þÞ ¼ À1; u 0 ð0ÀÞ ¼ þ1:
The profile of cuspon solution is shown in Fig. 2(e) . 6 . If a [ 0, -c \ A \ 0, u(0) = -2A -3c, then u is smooth soliton solution
with properties: uð0Þ ¼ À2A À 3c; lim n!AE1 uðnÞ ¼ A; u 0 ð0Þ ¼ 0:
The profile of smooth soliton solution is shown in Fig. 2(f 
